The pseudo-perturbative shifted -ℓ expansion technique PSLET is shown applicable in the non-Hermitian PT -symmetric context. The construction of bound states for several PT -symmetric potentials is presented, with special attention paid to V (r) = ir 3 − α √ ir oscillators.
I. INTRODUCTION
In their recent studies Dorey, Dunning and Tateo (DDT) [1] have considered the manifestly non-Hermitian Schrödinger equation, in = 2m = 1 units,
They have rigorously proved that in the domain of the angular momenta
the spectrum E k,ℓ is real and discrete. This is typical for a broad class of the so called pseudo-Hermitian models [2] . Yet, within this class, the strong-coupling version of DDT oscillators (1) with α ≫ 1 is particularly interesting as it remains weakly non-Hermitian (i.e., it possesses the real spectrum) if and only if the inverse quantity 1/ℓ is small.
Non-Hermitian model (1) is not solvable in closed form. This means that its mathematical appeal is enhanced by the smallness of the parameter 1/ℓ which facilitates the practical solution of many bound state problems via a power series in 1/ℓ or its suitable rearrangement in the traditional Hermitian setting [3, 4] . In our present paper we intend to discuss such a possibility in more detail, with special attention paid to eq. (1) and several other weakly non-Hermitian Hamiltonians.
II. FRAMEWORK
The first stages of interest in the non-Hermitian oscillators (1) date back to an old paper by Caliceti et al [5] . It studied the imaginary cubic problem in the context of perturbation theory and, more than twenty years ago, it offered the first rigorous explanation why the spectrum in such a model may be real and discrete. In the literature, this result has been quoted as a mathematical curiosity [6] and only many years later, its possible relevance in physics reemerged and has been emphasized [7] . This initiated an extensive discussion which resulted in the proposal of the so called PT symmetric quantum mechanics by Bender et al [8] .
The key idea of the new formalism lies in the empirical observation that the (phenomenologically desirable) existence of the real spectrum need not necessarily be attributed to the Hermiticity of the Hamiltonian. The current Hermiticity assumption H = H † is replaced by the mere "weak Hermiticity" or PT symmetry H = H ‡ ≡ PT HPT . Here, P denotes the parity (PxP = −x) while the anti-linear operator T mimics the time reflection (T iT = −i).
It is easy to verify that example (1) exhibits such a type of symmetry and may serve as an elementary illustration of the latter extension of quantum mechanics [9] .
The Bender's and Boettcher's conjecture that H = H ‡ may imply Im E = 0 is fragile and the limitations of its validity are most easily analyzed via exactly solvable examples [10] .
Nevertheless, the relevance of the unsolvable oscillators originates from their applicability in physics [11] and field theory [12] . In such a setting it is necessary to develop and test also some efficient approximation methods. New and intensive studies employed the ideas of the strong-coupling expansions [13] as well as the complex version of WKB [14] , Hill determinants [15] , functional analysis [16] , Fourier transformation [17] , and linear programming [18] .
In what follows we intend to use the method based on the smallness of the inverse angular momentum parameter 1/ℓ. Various versions [19] of such an approach are available for Hermitian models where the combination of the central repulsive core ℓ(ℓ + 1)/r 2 with a confining (i.e., asymptotically growing) interaction V (r) forms a practical effective potential V p (r) which possesses a pronounced minimum. Near such a minimum the shape of the potential is naturally fitted by the elementary and solvable harmonic oscillator well.
Corrections can be then evaluated in an unambiguous and systematic manner [20] .
As long as we have moved to the complex plane, the leading-order approximation may become non-unique. One finds several different complex and/or real minima of V p (r) even in our oversimplified examples (1) [9] . For the non-Hermitian Hamiltonians, the implementation of Mustafa's and Odeh's pseudo-perturbation recipe (PSLET) [20] loses its intuitive background and, therefore, it deserves careful new tests. Shall we cease to be guided by the Hermitian experience and ask: Couldn't the emergence of multiple minima means that we have to use the degenerate perturbation theory? Does the harmonic oscillator provide an adequate approximation in complex plane? Some of these reopened questions will be significantly clarified by our forthcoming considerations.
III. PT -SYMMETRIC PSLET RECIPE
Practical experience with the recipe of the pseudo-perturbation shifted -ℓ expansion technique of Mustafa and Odeh [20] is the inspiration of this section.
To modify PSLET for the non-Hermitian Hamiltonians we start with the less traditional time -independent Schrödinger equation
where r is a complex coordinate, i.e. r = t − ic (with ℜ(r) = t ∈ (−∞, ∞) and ℑ(r) = −c,
with the dimensionality d. In due course with the delicate nature of the current complexified settings, it is convenient to shift the complex coordinate r through
where the quantum number ℓ d is shifted through the relationl = ℓ d − β to avoid the trivial
where r 0 is currently an arbitrary point to perform Taylor expansions about, with its particular value to be determined. Expansions about this point, x = 0 (i.e. r = r 0 ), yield
It is also convenient to expand E k,ℓ as
Equation (5) therefore reads
where
Equation (9) is to be compared with the non-Hermitian PT -symmetrized perturbed harmonic oscillator in the one dimensional Schrödinger equation
where P (y − ic) is a complexified perturbation -like term and ε 0 is a constant. Such a comparison implies
The first two doninant terms are obvious
and with appropriate re-arrangements we obtain
Here r 0 is chosen to minimize E
Equation (13) in turn gives, with
The next leading correction to the energy series,l E (−1) k,ℓ , consists of a constant term and the exact eigenvalues of the unperturbed one-dimensional harmonic oscillator potential ω 2 x 2 /4,
Evidently, equation (19) implies that r 0 is either pure real, ω = ω (+) , or pure imaginary,
. Next, the shifting parameter β is determined by choosingl E (−1)
where β = β (+) for r 0 pure real and β = β (−) for r 0 pure imaginary. Then equation (9) reduces to
with
and for n ≥ 1
One would then closely follow Mustafa's and Odeh's [20] procedure to calculate the energies and wave functions, in one batch, in a hierarchical manner. Our strategy is therefore clear.
In the forthcoming sections we consider its applications to the PT -symmetric harmonic oscillator and Coulomb potentials and the DDT-oscillators (1).
Using the above PT −symmetric PSLET settings, one rewrites the leading energy approximation asl
where A is a real constant. Obviously, it supports a unique minimum at r 0 = 2il 2 /A, in the upper-half of the complex plane. In this case Ω = 1, β = β (−) = k, the leading energy term
and higher-order corrections vanish identically. Therefore, the total energy is
where n = k + ℓ + 1 is the principle quantum number. Evidently, the degeneracy associated with ordinary ( Hermitian) Coulomb energies E n = −A 2 /(2n) 2 is now lifted upon the complexification of, say, the dielectric constant embedded in A. Moreover, the phenomenon of flown away states at k = ℓ d emerge, of course if they do exist at all ( i. e. the probability of finding such states is presumably zero, the proof of which is already beyond our current methodical proposal). Therefore, for each k− state there is an ℓ d − state to fly away.
Next, let us replace the central-like repulsive/attractive core through the transformation
with q = ±1 denoting quasi-parity, and recast (25) as
Which is indeed the exact result obtained by Znojil and Lévai [21] . Equation (27) implies that even-quasi-parity, q = +1, states with k = |α o | − 1/2 fly away and disappear from the spectrum. Nevertheless, quasi-parity-oscillations are now manifested by energy levels crossings. That is, a state-k with even-quasi-parity crosses with a state-k´with odd-quasiparity when |α o | = (k − k´) /2. However, when α o = 0 the central-like core becomes attractive and the corresponding states cease to perform quasi-parity-oscilations. For more details on the result (27) the reader may refer to Znojil and Lévai [21] .
For this potential the leading energy term reads
and supports four eligible minima ( all satisfy our conditions in (17)) obtained through
0 =l 2 as r 0 = ± i|l | 1/2 and r 0 = ± |l | 1/2 . In this case Ω = 2,
for r 0 = ± |l | 1/2 , and
for r 0 = ± i |l | 1/2 . Whilst the former (29) yields
the latter (30) yieldsl
In both cases β = β (±) the higher-order corrections vanish identically. Yet, one would combine (31) and (32) by the superscript (±) and cast
Therefore, the PT − symmetric oscillator is exactly solvable and its spectrum, nonequidistant in general, exhibits some unusual features ( cf. [22] for more details). However, it should be noted that for the one-dimensional oscillator ( where ℓ d = −1,and 0, even and odd parity, respectively) equation (33) implies the exact well known result
Such a result can be used to find exact energies for a set of PT -symmetric potentials of the form V (r) = r 2 − 2ibr, provided that b is a constant that does not break PT -symmetry. In this case one would shift r → r − ib in (3) and solve for V (r − ib) = (r − ib) 2 and obtain; (I) E k = 2k + 5/4, for b = −1/2, (II) E k = 2k + 3/4, for b = −i/2, and (III) E k = 2k + 1 + i/2, for b = −(1 + i)/2 which breaks PT-symmetry of course.
V. PT −SYMMETRIC DDT OSCILLATORS
In our PT-symmetric Schrödinger equation (1) with the practical effective potential
the general solutions themselves are analytic functions of r (c.f., e.g., [6] ). We may construct them in the complex plane which is cut, say, from the origin upwards. This means that r = ξ exp(i ϕ) with the length ξ ∈ (0, ∞) and with the span of the angle ϕ ∈ (−3π/2, π/2).
Compact accounts of the related mathematics may be found in Bender et al [8] .
Let us proceed with our PT -PSLET and search for the minimum/minima of our leading energy term for the DDT-oscillators (1)
Evidently, condition (17) yields
Obviously, a closed form solution for this equation is hard to find ( if it exists at all) and one has to appeal to numerical techniques to solve for r 0 . A prior, it is convenient to do some elementary analyzes, in the vicinity of the extremes of α ( mandated by condition (2)), and distinguish between the two different domains of α. For this purpose let us denote (2l 2 )/3 = G 2 , re-scale r 0 = − i|G 2/5 | q and abbreviate α = δ √ 6 G 2 with 0 δ 1.
This gives the following new algebraic transparent form of our implicit definition of the minimum/minima in (37),
In the weak-coupling domain, vanishing δ ≈ 0, equation (38) It is easy to verify that (36), with δ ≈ 0, has a unique absolute minimum at
In the strong-coupling regime, δ ≈ 1, equation (38) yields Z = 2/3.
At this point, one may choose to work with β = 0 and obtain the leading (zeroth)-order
and the first-order correction
Consequently, the energy series (8) reads, up to the first-order correction
Nevertheless, one may choose to work with β = β (−) = 0 and obtain
Thus the zeroth-order approximation yields
In Figure I we plot the energies (−E ) of (44) Table I shows that our results from Eqs. (42) and (44) compare satisfactorily with those obtained by Znojil, Gemperle and Mustafa [9] , via direct variable representation (DVR). We may mention that even in the domain of not too large ℓ, the difference between the exact and approximate energies remain small, of order of ≈ 0.05% from Eq. (42), with β = 0, and ≈ 0.2% from Eq.(44), with β = β (−) = 0, for the ground state. Such a prediction should not mislead us in connection with the related convergence/divergence of our energy series (8), which is in fact the genuine test of our present PT symmetric PSLET formulae. The energy series (8) with β = β (−) = 0 converge more rapidly than it does with β = 0. Nevertheless, our leading energy term remains the benchmark for testing the reality and discreteness of the energy spectrum.
In Table II we compare our results for (1) with α = 0 using the first ten-terms of (8) Extending the recipe of our test beyond the weak-coupling regime δ ≈ 0 (i.e. α ≈ 0)
we show, in table III, the energy dependence on the non-vanishing α. Evidently, the digitalprecision of our PT -PSLET recipe reappears to bel-dependent and almost α -independent.
In table IV we witness that the leading energy approximation inherits a substantial amount of the total energy docummenting, on the computational and practical methodical side, the usefulness of our pseudo-perturbation recipe beyond its promise of being quite handy. Yet, a broad range of α is considered including the domain of negative values, safely protected against any possible spontaneous PT -symmetry breaking.
VI. SUMMARY
Our purpose was to find a suitable perturbation series like expansion of the bound states.
We have started from the observation that the physical consistency of the model (1) Only exceptionally, very high partial waves are really needed for phenomenological purposes (say, in nuclear physics [23] ). The strong repulsion is required there, first of all, due to its significant phenomenological relevance and in spite of the formal difficulties.
Fortunately, efficient ℓ ≫ 1 approximation techniques already exist for the latter particular realistic Hermitian models. They have been developed by many authors (cf., e.g., their concise review in [24] ). Their thorough and critical tests are amply available but similar studies were still missing in the non-Hermitian context.
Our present purpose was to fill the gap at least partially. We have paid thorough attention to the first few open problems related, e.g., to the possible complex deformation of the axis of coordinates. Our thorough study of a few particular PT symmetric examples revealed that the transition to the non-Hermitian models is unexpectedly smooth. We did not encounter any serious difficulties, in spite of many apparent obstacles as mentioned in Section II (e.g., an enormous ambiguity of the choice of the most suitable zero-order approximation).
In this way, our present study confirmed that the angular momentum (or dimension)
parameter ℓ in the "strongly spiked" domain where |ℓ| ≫ 1 offers its formal re-interpretation and introduction of an artificial perturbation-like parameter 1/l which may serve as a guide to the interpretation of many effective potentials as a suitably chosen solvable (harmonic oscillator) zero-order approximation followed by the systematically constructed corrections which prove obtainable quite easily.
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